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1. 中文摘要

條件變異數的正確統計推論是研究財務金融變數學者所關心的一個主要議題。 關於

這個問題, 在文獻上一個眾所周知的現象就是: 當條件平均數式被誤設時, 即使真
正的資料產生過程並不具有自我相關條件變異數異質性 (ARCH) 的現象, 一個常
被用於檢定 ARCH 效果的 LM 統計量卻經常會過度地拒絕沒有 ARCH 的虛無
假設。 本研究計畫嘗試利用微波縮小法來估計具有未知形式之條件平均數式, 並利
用蒙地卡羅模擬法來研究經由這個程序所建構的 ARCH-LM 檢定的統計性質。 我
們發現微波縮小估計法不僅可以顯著地移除由非線性資料對 ARCH-LM 檢定所

造成的扭曲, 同時並未損及 ARCH-LM 統計量的檢定力。 最後, 我們將所提出的
穩健 ARCH-LM 檢定運用到11/20/1985至12/7/1989期間的 SP500指數日報
酬率之研究上。 我們故意讓資料研究期間包含1987年10月所發生的全球股市大崩
盤事件。 實證結果發現, 微波縮小估計法不僅有效掌握股市大崩盤所造成的條件平
均數式在局部時間內的劇烈變動, 並能有效降低對於 「沒有 ARCH 效果」 的虛假
棄卻。 這個結果彰顯了本研究所提出的檢定方法在實證研究上之關連性。

關鍵詞 : 條件平均數誤設、 自我相關條件變異數異質性、 微波縮小估計法

Abstract

In this research project, we consider testing for ARCH effect in the gen-
eral context of a possibly mis-specified conditional mean, assuming that
correct inference regarding the conditional variance is of primary interest
to the researcher. It is well known in the literature that, when the con-
ditional mean equation is mis-specified, the popular LM test for ARCH
effect often leads to over-rejection of the null hypothesis of no ARCH,
even when no such effect exists in the true data generating process. In
this project, we propose an alternative robust test of the ARCH effect by
estimating the unknown conditional mean equation based on the wavelet
shrinkage algorithm. An important feature of the wavelet shrinkage is
its ability to remove noise while preserving non-smooth features, such
as large spikes in the signal. Our experiments show that the wavelet
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shrinkage method indeed can significantly remove distortions introduced
by nonlinearity without sacrificing the power of the test. To demonstrate
the empirical relevance of the proposed test, we apply our robust test to
study daily returns of the SP500 index from 11/20/1985 to 12/7/1989.
Our result shows that the wavelet shrinkage method proposed here not
only successfully picks up the structural change caused by the October
1987 stock market crash, it also prevent researchers from falsely rejecting
the null of no ARCH effect in such a situation. This demonstrates the
practical relevance of the robust test proposed in this research.

Keywords: Conditional Mean Mis-specification, Autoregressive Condi-
tional Heteroscedasticity, Wavelet Shrinkage

2. Motivation, Literature Review, & Objectives

In this research project, we consider testing for ARCH effect in the general
context of a possibly mis-specified conditional mean, assuming that correct
inference regarding the conditional variance is of primary interest to the
researcher (as in many examples in finance).

Being one of the most predominant stylized facts in financial time
series, the volatility clustering phenomenon has populated the applica-
tion and extension of the Autoregressive Conditional Heteroscedasticity
(ARCH)-type model first advocated by Engle (1982). Ever since, testing
for the presence of ARCH has become a routine diagnostic. One popular
method is the Lagrange multiplier (LM) test for ARCH disturbance, also
proposed by Engle (1982), which involves multiplication of the sample
size with the R2 from a regression of the squared residuals on p of its lags.
This test is asymptotically distributed as a χ2(p) random variable. Im-
plicitly assumed for this test is that the conditional mean equation of the
model is correctly specified. When the conditional mean equation is mis-
specified, the LM test often leads to over-rejection of the null hypothesis
of no ARCH effect, even when no such effect exists in the true data gener-
ating process.1 This has caused great concern to researchers as empirical
data often exhibit some sort of nonlinearity, such as structural change and
parameter instability which may very well entail mis-specification of the
model and hence a false rejection of the null hypothesis of no ARCH effect.
For example, Bera et al. (1992), citing Engle et al. (1985), note that “the
presence of autocorrelation can readily be mistaken for ARCH when, in

1Lumsdaine and Ng (1999) demonstrate that as long as the mis-specified conditional
mean is serially correlated, a spurious autocorrelation will be artificially generated for
the squared estimated residuals, which then leads to a false rejection of no ARCH
effect.
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fact, no ARCH is present.” Also, Bera and Higgins (1997) observe that
bilinear and ARCH models have a similar unconditional moment struc-
ture which raises the possibility that bilinear and ARCH processes may
be confused in practical applications.

In the literature, the remedy for mis-specification in the conditional
mean usually involves a two-step procedure. In the first step, an ancil-
lary regression for the conditional mean is run to purge off contamination
from possible mis-specification. The estimated residuals are then used
to construct statistical test for the ARCH effect. The major difference
among various remedies proposed lies in the way the first-step ancillary
regression is setup and conducted. Lee (1992) suggests nonparametric esti-
mation of the unknown conditional mean equation, and demonstrates that
the non-parametrically estimated residual is robust to regression function
mis-specification; Lumsdaine and Ng (1999) propose procedures based on
recursive residuals that may alleviate mis-specifications in the conditional
mean and thereby reduce the potential for falsely rejecting the null of no
ARCH; Blake and Kapetanios (2003) suggest the use of neural networks
to approximate to the unknown nonlinearity existing in the conditional
mean function. They show how such a method can remove large distor-
tions introduced by nonlinearity, but at a cost of power loss.

In this project, we propose an alternative robust test of the ARCH
effect by estimating the unknown conditional mean equation based on
the wavelet shrinkage method proposed by Donoho (1993, 1995), Donoho
and Johnstone (1994, 1995), and Donoho, Johnstone, Kerkyacharian, and
Picard (1995).2 An important feature of the wavelet shrinkage is its ability
to remove noise while preserving non-smooth features, such as large spikes
in the signal. We aim at demonstrating the use of wavelet shrinkage to
improve the fit of a first-stage conditional mean regression, and illustrate
properties of the statistic (namely, the size and the power) via Monte
Carlo simulations.

3. Methodology

2The original Donoho and Johnstone theory and methodology focused on the
Gaussian independent and identically distributed errors setting. This methodology has
been extended to a broader class of models and situations: correlated noise situations
(Johnstone and Silverman 1995, Neumann and von Sachs 1995), probability density
estimation (Johnstone et al. 1992, Deylon and Juditsky 1993, Tribouley 1995, Van-
nucci and Vidakovic 1997), spectral density estimation (Moulin 1992, Gao 1993a, Gao
1993b, Moulin 1994, Percival 1994, von Sachs and Schneider 1996, Neumann and von
Sachs 1995, Walden et al. 1998), inverse problems (Donoho 1992, Miller and Willsky
1994, Xia, Kuo, and Suter 1994, Kolaczyk 1994, Lina and Gagnon 1995), classification
and discriminant analysis (Saito and Coifman 1995, Buckheit and Donoho 1995), factor
analysis (Wickerhauser 1994), and change point problems (Wang 1994). For applica-
tions of the wavelet techniques in economics and finance, and possible future research
potential in these fields, see Ramsey (1999) for a comprehensive review.
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The wavelet shrinkage method involves removing noise by shrinking wavelet
coefficients toward zero. Specifically, consider the data generated by

yt = fi + εi

where fi is a discrete signal of unknown functional form, and εi are in-
dependently and identically distributed normal errors: εi ∼ N(0, σ2).
Wavelet shrinkage refers to estimates obtained by:

1. Applying the discrete wavelet transform.

2. Shrinking the wavelet coefficients towards zero.

3. Applying the inverse discrete wavelet transform.

Since the wavelet shrinkage algorithm has a locally adaptive bandwidth,
the wavelet-shrunk estimate is more localized and uses a smaller band of
data at discontinuities, and at areas with other non-smooth features. This
enables the wavelet shrinkage algorithm to remove noise while preserving
non-smooth features, such as large spikes in the signal. We regard this as
a desirable property, as sudden movements in financial asset returns are
more of a rule than exception. More importantly, such a property is not
possessed by other methods without additional cost. For example, one can
certainly apply the Gaussian kernel regression to obtain estimate of the
conditional mean function. Nevertheless, the cost of capturing spiky dis-
continuities usually involves overly-fitting the conditional mean function,
and hence possible power loss. With such ability of representing locally
non-smooth phenomena with relatively few coefficients, Donoho and his
coauthors have also shown that the wavelet shrinkage estimation has very
broad asymptotic near-optimality properties, namely it gives nearly the
best possible estimate of the unknown conditional mean equation f(·),
making a minimum assumption about the nature of a broad class of func-
tions =(·). These together motivate us to examine the usefulness of wavelet
shrinkage in estimating the first-stage ancillary conditional mean regres-
sion.

To proceed, we adopt the following Monte Carlo approach:

1. Generate 5000 samples from each of the following models with dif-
ferent degrees of serial correlation, where the sample size is equal to
256 in each case.

2. Apply wavelet shrinkage to each generated dataset to estimate the
conditional mean.3

3This task is performed by using the waveshrink function in Splus.
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3. Obtain estimated residuals, ε̂i, as the difference between actual data
and the wavelet-shrunk estimate in the previous step.

4. Apply the ARCH-LM test to both the original (non-wavelet-shrunk)
data, and the estimated residuals, ε̂i, and record the percentage of
rejection at the conventional significance level α = 0.05.

Experiment 1 through Experiment 12 are conducted to examine the size
of the proposed test, while Experiment 13, 14, and 15 are to examine the
power.

• AR(1) model:
yt = αyt−1 + εt.

– Experiment 1: α = 0.5.

• Smooth Transition Autoregressive (STAR) model:

yt = δ1yt−1 + δ2(1− e−δ3y2
t−1)yt−1 + εt.

– Experiment 2: δ1 = 0.5, δ2 = −0.5, δ3 = 0.05.

– Experiment 3: δ1 = 0.5, δ2 = −0.5, δ3 = 0.5.

– Experiment 4: δ1 = 0.9, δ2 = −1.4, δ3 = 0.05.

– Experiment 5: δ1 = 0.9, δ2 = −1.4, δ3 = 0.5.

• Self-Exciting Threshold Autoregressive (SETAR) model:

yt = γ1I (yt−1 < r) yt−1 + γ2I (yt−1 ≥ r) yt−1 + εt.

– Experiment 6: γ1 = 0.1, γ2 = 0.5, r = 0.

– Experiment 7: γ1 = −0.1, γ2 = 0.5, r = 0.

– Experiment 8: γ1 = −0.3, γ2 = 0.9, r = 0.

– Experiment 9: γ1 = −0.8, γ2 = 0.9, r = 0.

• Bilinear model:
yt = ςεt−1yt−1 + εt

– Experiment 10: ς = 0.1.

– Experiment 11: ς = 0.3.

– Experiment 12: ς = 0.7.
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• AR(1)-ARCH(1) model:

yt = αyt−1 + εt

εt ≡ νth
0.5
t , νt

iid∼ N(0, σ2)

ht = β0 + β1ε
2
t−1

– Experiment 13: α = 0.5, β0 = 0.1, β1 = 0.1.

– Experiment 14: α = 0.5, β0 = 0.1, β1 = 0.5.

– Experiment 15: α = 0.5, β0 = 0.1, β1 = 0.9.

Table 1: Monte Carlo Simulation Results

Raw Data Wave-Shrunk Reduction
AR(α = 0.5) 0.3744 0.0446 -88.09%
STAR(δ1 = 0.5, δ2 = −0.5, δ3 = 0.05.) 0.0872 0.0292 -66.51%
STAR(δ1 = 0.5, δ2 = −0.5, δ3 = 0.5.) 0.0212 0.0232 +9.43%
STAR(δ1 = 0.9, δ2 = −1.4, δ3 = 0.05.) 0.2010 0.0300 -85.07%
STAR(δ1 = 0.9, δ2 = −1.4, δ3 = 0.5.) 0.1416 0.0720 -49.15%
SETAR(γ1 = 0.1, γ2 = 0.5, r = 0.) 0.2318 0.0296 -87.23%
SETAR(γ1 = −0.1, γ2 = 0.5, r = 0.) 0.2652 0.0298 -88.76%
SETAR(γ1 = −0.3, γ2 = 0.9, r = 0.) 1.0000 0.0548 -94.52%
SETAR(γ1 = −0.8, γ2 = 0.9, r = 0.) 1.0000 0.0468 -95.32%
Bilinear(ς = 0.1) 0.0394 0.0276 -29.95%
Bilinear(ς = 0.3) 0.7534 0.2322 -69.18%
Bilinear(ς = 0.7) 0.9164 0.6346 -30.75%
AR-ARCH(α = 0.5, β0 = 0.1, β1 = 0.1.) 0.0678 0.0472 -30.38%
AR-ARCH(α = 0.5, β0 = 0.1, β1 = 0.5.) 0.7038 0.5058 -28.13%
AR-ARCH(α = 0.5, β0 = 0.1, β1 = 0.9.) 0.8486 0.7176 -15.44%

Numbers in the cells are rejection probability of the LM test with nominal size = 5%.
Simulations are based on: sample size=256 on 5000 replications.

4. Results & Discussion

The Monte Carlo simulation results are presented in Table 1, which shows
that

1. Serial correlation in the conditional mean leads to over-rejection of
the “No ARCH Effect” null hypothesis, as demonstrated in the col-
umn with heading “Raw Data”.
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2. Our wavelet shrinkage algorithm works quite well in reducing the
over-rejection probability, as demonstrated in the last two column.
The overall average reduction is -56.6%.

3. The power of the ARCH-LM does not decrease much after wavelet
shrinkage, as demonstrated in the last three rows.

Table 2: Empirical Study of the SP500 Daily Returns

Raw Data Wave-Shrunk
Data Period 11/20/85–12/7/89 11/20/85–9/30/87 2/1/88–12/7/89 11/20/85–12/7/89

(entire period) (before the crash) (after the crash) (entire period)
p-value 0.007 0.946 0.996 0.366

To demonstrate the empirical relevance of the proposed test, we also apply
our test to study daily returns of the SP500 index from 11/20/1985 to
12/7/1989, which contains 1024 observations and purposefully includes
the October 1987 stock market crash. As presented in Table 2,

1. The p-value of the LM test statistic for the raw data during the entire
period is well below 5%. i.e. False rejection of the “No ARCH effect”
null can occur if the structural change in the conditional mean is not
accounted for in the estimation.

2. The p-value of the LM test statistic is close to 1 for both the period
before and the period after the crash. i.e. It is clear that ARCH
effect does not exist when the effect of the October 1987 stock market
crash is removed.

3. The p-value of the LM test statistic for the wavelet-shrunk data
during the entire period is well above 5%. i.e. The wavelet shrink-
age algorithm is flexible enough to take care of structural break as
occurred in October 1987.

Overall, our experiments show that the wavelet shrinkage method in-
deed can significantly remove distortions introduced by nonlinearity with-
out sacrificing the power of the test. As for the future research, it would
be fruitful to compare the wavelet shrinkage algorithm with other non-
parametric smoothing techniques, such as the Gaussian kernel regression.
Presumably, the wavelet shrinkage algorithm has a locally adaptive band-
width, and relies only on relatively few coefficients to capture any sudden
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structural change in the data, one would expect the wavelet shrinkage
algorithm to outperform other statistical smoothing methods. A wider
application of the wavelet shrinkage algorithm in the area of finance and
economics can also be expected.
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