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1 Introduction

In Weng [2], I derived a modified version of Stein’s Identity and applied it to prove

posterior normality of stochastic processes. This Stein’s Identity first appeared in

Woodroofe [3, 4] in the context of deriving a very weak type expansion. Weng [2]

makes two contributions: (1) it relaxes the conditions for posterior normality when

data come from a stochastic process, and (2) it is novel in including end point terms

in an analysis based on Stein’s Identity.

Let Γ denote a finite signed measure of the form dΓ = fdΦ, where Φ denotes the

standard normal distribution function and f is a real-valued function defined on R.

The difference between the modified and the original versions is the requirement on f .

The original version (in Woodroofe [3, 4]) requires f to be continuously differentiable

on R, while the new one allows f to have jump discontinuities at both endpoints.

Application of this result includes some nonhomogeneous Poisson processes and con-

ditional exponential families.

2 Review of Stein’s Identity

Now we review Stein’s Identity. Write

Φh =

∫
hdΦ

for functions h for which the integral is finite. Next let Γ denote a finite signed measure

of the form dΓ = fdΦ, where f is a real-valued function defined on R satisfying

Φ|f | =
∫
|f |dΦ < ∞. For p ≥ 0, denote by Hp the collection of all measurable

functions h : R→ R for which |h(z)| ≤ 1 + |z|p, and define H = ∪p≥0Hp. Let

Uh(z) = e
1
2
z2

∫ ∞

z

[h(y)− Φh]e−
1
2
y2

dy, (1)

for −∞ < z < ∞.

Lemma 2.1 There are (finite) positive constants c0, c1, c2, . . . for which UH0 ⊆ c0H0

and UHp ⊆ cpHp−1 for all p = 1, 2, . . ..

Proof. See Woodroofe [4, Lemma 1]. �
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Lemma 2.2 Let r be a nonnegative integer. Suppose that dΓ = fdΦ as above. Sup-

pose that ∫ ∞

∞
|f |dΦ +

∫ ∞

∞
(1 + |z|r)|f ′(z)|Φ(dz) < ∞.

Then

Γh = Γ1 · Φh +

∫ ∞

∞
Uh(z)f ′(z)Φ(dz), (2)

for all h ∈ Hr.

Proof. See Woodroofe [3, Proposition 1]. �

3 Current Progress

3.1 The Model

We are extending this method to multiparameter cases. Let Xt be a random vector

distributed according to a family of probability densities pθ(xt), where t is a discrete

or continuous parameter and θ ∈ Θ, an open subset of Rk. Let Pθ and Eθ be

the associated probability measure and expectation of pθ. Assume that the log-

likelihood function `t(θ) = logpθ(xt) is twice continuously differentiable with respect

to θ. Denote ∇`t(θ) as the vector of first-order partial derivatives, and ∇2`t(θ) as

the matrix of second-order partial derivatives. Throughout let θ̂t be a root of the

likelihood equation satisfying ∇`t(θ̂t) = 0, where differentiation is with respect to θ.

Whenever such a root exists and −∇2`t(θ̂t) is positively definite, we define Bt and Zt

as

B′
tBt = −∇2`t(θ̂t), (3)

Zt = Bt(θ − θ̂t); (4)

otherwise, define Bt and Zt arbitrarily (in a measurable way). Consider a Bayesian

model in which θ has a prior density ξ. Then the posterior density of θ given data xt

is ξt(θ) ∝ e`t(θ)ξ(θ), and the posterior density of Zt is

ζt(z) ∝ ξt(θ(z)) ∝ e`t(θ)−`t(θ̂t)ξ(θ), (5)

where the relation of θ and z is given in (4). Now a Taylor’s expansion gives

`t(θ) = `t(θ̂t) +
1

2
(θ − θ̂t)

′∇2`t(θ
∗
t )(θ − θ̂t), (6)
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where θ∗t lies between θ and θ̂t. Letting Rt(θ) be such that

z′tRt(θ)zt = (θ − θ̂t)
′[∇2`t(θ̂t)−∇2`t(θ

∗
t )](θ − θ̂t), (7)

it follows that

`t(θ) = `t(θ̂t)− ||zt||2/2− z′tRt(θ)zt/2. (8)

So (5) can be rewritten as

ζt(z) ∝ φk(z)ft(z), (9)

where ft(z) = ξ(θ(z))exp[−z′tRt(θ)zt/2] and φk(z) = (1/
√

2π
k
)exp[−||z||2/2]. Some

calculations are useful for later references.

∇ft(Zt)

ft(Zt)
= B′−1

t [
∇ξ(θ)

ξ(θ)
+∇`t(θ)−∇2`t(θ̂t)(θ − θ̂t)]. (10)

3.2 Multiparameter Cases

The multivariate version of the modified Stein’s Identity has been derived recently,

but the details are omitted here.

We plan to use a two-parameter nonhomogeneous Poisson process as an applica-

tion of our results. Let Nt, the number of events observed by time t, follow a nonho-

mogeneous Poisson process with time-dependent intensity function Λ(t) = λeµ+λt over

the time interval, where λ > 0 and µ are two unknown parameters. So, for each fixed

t, Nt is a Poisson with mean
∫ t

0
λ(s)ds. Letting θ = (λ, µ)′, then the log-likelihood

function is `t(θ) = Nt(logλ + µ) + λ
∑Nt

i=1 xi − eµ(eλt − 1), with derivatives

∇`t(θ) = (Nt/λ +
Nt∑
i=1

xi − teµ+λt, Nt − eµ(eλt − 1))′, (11)

−∇2`t(θ) =

(
Nt/λ

2 + t2eµ+λt teµ+λt

teµ+λt eµ(eλt − 1).

)
. (12)

Setting ∂`t/∂µ = 0, we obtain

eµ = Nt/(e
λt − 1). (13)

Plugging this into ∂`t/∂λ leads to

∂`t

∂λ
= Nt/λ +

Nt∑
i=1

xi − teλtNt/(e
λt − 1). (14)
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Given data by time t, limλ→∞∂`t/∂λ =
∑Nt

i=1 xi − tNt, which is negative because

xNt ≤ t and xi < t∀i < Nt; and limλ→0+∂`t/∂λ =
∑Nt

i=1 xi− tNt/2, which tends to ∞
w.p.1 under Pθ0 . Moreover, since (14) is strictly decreasing in λ, it has a unique root

λ̂t > 0 w.p.1 under Pθ0 when t is large enough. Then from (13), µ̂ = log{Nt/(e
λ̂t−1)}.

From (12), it can be verified that −∇2`t is positively definite at θ̂ = (λ̂, µ̂)′; and

therefore, θ̂ is the unique maximum likelihood estimator. In [1], it is shown that

µ̂t − µ0
p→ 0 (15)

and

t(λ̂t − λ0)
p→ 0. (16)

The verification of det(B−1
t )

p→ 0 can be easily obtained by (12).

We are now verifying the other conditions for the asymptotic posterior normality

holds. The condition regarding the prior may be considerably relaxed.
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